Lecture 36 Spectral theorem

Def A watrix A with A=A is called o symmetric matrix.
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Note (1) A symmetric matrix must be a square motrix .

(2) The enfries of o symmetric matrix are symmetric with
respective to the wmain &iagom\‘

Prop Given an arbitrary matrix A, both AA and A'A are symmetric .

Note Such watrices arise from orﬂ/\ogoml projections reflections, and

least squores problems.

Thw ( The spectral fheorem )

Let A be o symmetric matrix.

() Al eigenvalues of A are real numbers

(2) Eigenvectors of A correspomdmg to distinct eigenvalues are orﬂxogoml.

3) There exists on orthonormal ejgen‘oasis for A




Prop Given on nxn motrix A whose columns form an orthonormal bosis

of R we hove A'=A"
ot Let W, Vo, Vo be the columns of A .
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A" has rows Vi, Vo, ", Va.
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Prop Every symmetric mofrix A has o diagonalization

A=PDP'
where the columns of P form an orthonormal eige\n‘oasis for A

Note We have P'=P' as 4he columns of P are given by an orthonormal

eigenbosis for A



Ex Find the solution of the dynamical system Xu.,=AX, with
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Sol A is symmetric = A is diagonalizable
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= -A(1=M2-N)—4]-22(2-))

= - A (N =3)A—-2)-4(2-))

= =N HINH6A-8 =—(2+ )1 =A)(4—\)
= A has eigenvalues A=-2,1,4
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Hence an e‘tgen‘oasis for A s given by
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Since A is symmetric, the eigenvectors Vi, Vi, V3 are orthogonal

= An orthonormal e‘lgen‘oasis for A s given by
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